A CHARACTERIZATION OF WELL-POSEDNESS FOR ABSTRACT
CAUCHY PROBLEMS WITH FINITE DELAY

CARLOS LIZAMA AND FELIPE POBLETE

ABSTRACT. Let A be a closed operator defined on a Banach space X and F be a bounded op-
erator defined on a appropriate space. In this paper, we characterize the mildly well-posedness
of the first order abstract Cauchy problem with finite delay,

u'(t) = Au(t) + Fuy, t>0;

u(0) = x; )

u(t) = (1), —r<t<0
solely in terms of a strongly continuous one-parameter family {G(¢)}1>0 of bounded linear
operators that satisfy the functional equation

0
G(t+ s)x =G(t)G(s)xr + G(t+ m)[SG(s + -)z](m)dm

-Tr
for all t,s > 0, x € X. In case F' = 0 this property reduces to the characterization of well-
posedness for the first order abstract Cauchy problem in terms of the functional equation that
satisfy the Cy-semigroup generated by A.

1. INTRODUCTION

Let X be a complex Banach space. In this paper, we study the first order abstract Cauchy
problem with finite delay

u'(t) = Au(t) + Fuy, t > 0;
u(0) = x; : (1.1)
u(t) = o(t), —r<t<0

where A is a closed linear operator with domain D(A), F' : LP([-r,0], X) — X is a bounded
linear map, r is a positive number and ¢ is a given initial function.

The field of linear (and nonlinear) delay differential equations has undergone a significant
development for several decades. In addition, its interaction with other scientific fields has also
increasing interest, in particular, in the study of biological models.

In case F' = 0 it is well known that () is well-posed (in a strong or mild sense) if and only
if A is the generator of a Cy-semigroup, that is, a strongly continuous family of bounded and
linear operators {7'(t) }+>o satisfying 7'(0) = I and the Cauchy’s functional equation

Tt+s)e=TH)T(s)x, t,s>0, z€lX. (1.2)

The theory of Cy-semigroups is a well-established and developed theory, that starts from the
original monograph of Hille and Phillips [9]. For an up to date reference and historical remarks,
see e.g. Engel and Nagel [6].

In case F' # 0 there is an important amount of literature on the subject. For instance, Hale
[®] and Webb [20] began an abstract analysis, i.e. in the setting of Banach spaces, applying
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methods coming from semigroup theory. After that, Travis and Webb [IR, Section 4] studied
existence and stability of solutions when A is the generator of a compact semigroup, or an
analytic semigroup [19]. Fitzgibbon [] was among the first to treat the nonautonomous case i.e.
A = A(t). Jiang, Guo and Huang [I0] studied the well-posedness of the linear abstract problem
with unbounded delay operators. More recently, Ashyralyev and Agirseven [d] analyzed the
well-posedness of (I) when the delay admits the form of a nonautonomous and unbounded
operator.

After the method of semigroups, most of the approaches consists into associate to a given
delay equation an expanded space E (phase space) and a lifted unbounded operator (B, D(B))
and to demonstrate that the solutions of the abstract Cauchy problem associated to (B, D(B))
in F naturally correspond to those of the delay equation. Then, the task is to show that
the lifted operator (B, D(B)) generates a strongly continuous semigroup {7'(¢)};>o on £, thus
implying the Cauchy problem is well-posed. See e.g. [6] and the monograph of Batkai and
Piazzera [d].

However, this last method produces significant mathematical difficulties when we deal with
e.g. the regularity problem. For instance, suppose that the operator A in () generates
an analytic semigroup, a condition which is frequently assumed in the investigation of the
regularity problem. Then the lifted generator (B, D(B)) of the system does not generate an

analytic semigroup any more on the expanded spaces (cf. [1]).
First attempts to treat directly (I0), that is without any assumption on the operator A and
neither appealing to some phase space, were made by Petzeltova [I6], [I7]. By replacing X

with a suitable interpolation space, she proves the existence of a family of bounded and linear
operators R(t) satisfying R'(t) = AR(t) + F R, R(0) = I, Ry = 0.

In a recent paper, Liu [I2] employed a direct method to deal with the regularity problem.
Liu developed a theory of retarded type operators {G(t)}, or fundamental solutions, for ()
defined in a Hilbert space H. Among other interesting things, Liu proves that the following
functional equation is satisfied:

0
G(t+s)z =G(t)G(s)x +/ G(t+ m)[SG(s+ )z|(m)dm, t,s >0, z € H, (1.3)
where S is the so-called structure operator, which depends of F'. We mention the remarkable
fact that in case F' = 0 the functional equation (IZ3) coincides with (I2).

Then it is natural to ask: Could the functional equation (IZ3) completely characterize the
well-posedness of the abstract Cauchy problem with delay (), in some sense?.

In this paper, we answer this question in the affirmative. We prove that a characterization of
() by means of (I33) is true not only in Hilbert spaces but also in any general Banach space.
Specifically, we show that the existence of a strongly continuous family {G(¢)}:>¢ of linear and
bounded operators, extended over —r < ¢t < 0 as the null operator, satisfying G(0) = I and
the functional equation (I=3), is equivalent to the well-posedness of the following integrated (or
mild) version of the problem (I):

t t
u(t) =z + A/ u(s)ds +/ Fugds, t>0;
0

; , (1.4)
u(t) = o(t), —r<t<0

where x € X and ¢ is a measurable function on LP([—r,0], X ). A very remarkable fact is that
we not need the operator A as a generator of a Cy-semigroup.

In consequence, the main novelty of this paper is that we are able to present a theory of
fundamental solutions for equations with bounded delay operators and then a kind of variation
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of constants formula. As a result, stability and stationary solutions could be deduced, as
done for instance in the recent reference [4] where F' is considered also unbounded, and also
extensions and algebraic properties for solution families of vector-valued differential equations
with delay could be studied, following for instance the reference [1]. Several concrete examples
are analyzed to illustrate the theory.

The paper is organized as follows: In the second section we will present a proper definition
of a resolvent family with delay F' in terms of the functional equation (IZ3) and then we
introduce the concept of mildly well-posedness. We will exhibit different properties of this type
of resolvent families, being the most important that they are exponentially bounded, which
allow us to define a kind of generator of the family by making use of Laplace transform tools.
We finish the section showing that the mildly well-posedness of () implies the existence of
a resolvent family with delay F' generated by the operator A. In the third section, we study
sufficient conditions on the resolvent family with delay F' in order to ensure that the problem
(Is) is mildly well-posed. A notable result is the following: If A is the generator of a Cy-
semigroup defined on a Banach space X and and the delay operator F' : LP([—r,0], X) — X is
defined by

j / H(0)6(0)do,

where H is an B(X)-valued and g¢-integrable function on [—r,0] with % + % = 1, then the
problem
u'(t) = Au(t) + Fuy, t>0;

( ; 7
u(t) = o(t), —r<t<0
is mildly well-posed. Also, we will identify explicitly the generator of the resolvent family
in terms of {G(t)}i>o. Finally, we show some applications, concrete examples and further
properties of a resolvent family with delay F' generated by A.

2. PRELIMINARIES

Most of the notation used throughout this paper is standard. Hence, we will denote by
N, Z,R and C the sets of natural, integer, real and complex numbers respectively. For the rest
of the paper, X and Y always are Banach spaces with norms || - ||, and || - ||,; the subscripts
will be dropped when there is no danger of confusion. We denote by B(X,Y") to the space of
all bounded linear operators from X to Y. In the case X =Y, we will write briefly B(X). Let
A: D(A) C X — X be a closed linear operator with domain D(A). The domain of A endowed
with the graph norm will be denoted by [D(A)], its resolvent set by p(A), and its spectrum by
o(A) = C~ p(A). Further, the resolvent operator (A — A)~!z will be denoted by R(\, A)x for
A€ p(A) and z € X.

Let 1 < p < oo be given, J C R an interval of real numbers and X a Banach space. By
LP(J, X), we denote the Banach space of all p-integrable functions (in the sense of Bochner)

endowed with the norm )
1/p
I = ([ 1snsae)

Analogously, for n € N and 1 < p < oo define the Sobolev spaces:
WnP(J,X)={f e LP(J,X) : f® e LP(J,X) for ke {l,...n}}.
They are Banach spaces when endowed with the norm || f|lwne = || fll, + 1|£/l, + -+ | f™ ],
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Throughout the article we adopt the following notations: Given u € Lj ([-r,00), X), we

denote, for any ¢t > 0, the history function u; € LP([—r, 0], X) described by the formula wu,(6) =
u(f +t) for 0 € [—r,0], and Fu : [0,00) — X by

In relation to the above, we infer from [B, pag. 35] that Ry >t — w, € LP([—7,0], X), is a
continuous function, in particular Fu so is.

For two strongly continuous families of operators T, G : R, — B(X), we denote the convo-
lution operator T'x G : R, x X — X by

(T + G (t)x = /0 T(t — 5)G(s)ads.

In addition, the product space X x LP([-r,0], X) with norm [[®] g = (||| + Hd)]l%p)%, for all

¢ = (z,¢) € X x LP([—r,0], X), will be denoted by X.
For a function f € L}, (R, X) we consider the Laplace transform

f) = /OOO e Mf(t)dt, \eC. (2.1)

loc

The abscissa of convergence of f is given by
abs(f) == inf{R(N\) : f(N\) exists}.

Is well known that the set of those A € C for which the Laplace integral (271) converges is
either empty or a right half-plane. A function f is called Laplace transformable if abs(f) < oo.
We observe that if f is exponentially bounded i.e. there exist M > 0 and w € R such that
I f(@®)]] < Me**, then abs(f) < oo.

3. WELL-POSEDNESS

We start this section defining what we understand by a mild solution and the mildly well-
posedness of the problem ().

Definition 3.1. A function u : [—r,00) — X is called a mild solution of the problem (IZT)
associated to (z,¢) € X if ul0,00) € C([0, 00) fo s)ds € D(A) for all t > 0 and u satisfies
().

Definition 3.2. We say that the problem (I) is mildly well-posed if, for every ® € X , there

is a unique mild solution ug of the problem (I and if ®, € X is such that ®, — 0 then
U, (t) — 0 uniformly for ¢ on compact subintervals of R.

The next lemma will be useful throughout this paper.

Lemma 3.3. Let I C R be a measurable set and 1 < p < co. Assume that the function f €
LI, LP([-r,0],X)). If F': LP([-r,0,X) = X is a bounded linear operator, then t — F f(t)

is integrable and
F/f(t)dt:/Ff(t)dt.
I I

Furthermore, the function ¢: [—r,0] — X defined by (6 / f(t)(0)dt belongs to LP([—r, 0], X)

(/If(t)dt> (0) = /If(t)(Q)dt, for almost all 6 € [—r,0].
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Proof. To abbreviate the text of this proof, for p > 1 we will write L instead L*([—T,0], X).
Moreover, to differentiate the integration in sense of Bochner of functlons in the Banach spaces

LYI,LP([-7,0],X)) and L' (I, L*([—7,0], X)) we will use the symbols LT;/ and 1| respectively.

I I
On the one hand, since f € L'(I, L?([-7,0], X)) and F : LP([-7,0], X) — X is bounded by
[2, Proposition 1.1.6] we obtain that t — F f(t) is integrable and

F (Lﬁlf(t)dt) - /IFf(t)dt

We note that there exists a sequence of simple functions {f,}neny € L'(I, LP) such that
fn(t) = f(t) for almost all ¢ € I and

hm /||fn ()|l pdt = 0.

Moreover, we note that {f,}nen € LY(1, L}) and applying the Holder inequality we obtain

[ 180 - 10lzae = [ ( / 1£(8)(6) - f(t)(9)||d9) i
<o [ ([ 100 - sooro) "

Since the right side of the last inequality converges to 0 as n — oo, we obtain that f € L!(I, L1).
Moreover, we observe that LQ/ fu(t)dt = L}/ fn(t)dt, for all n € N. This implies
I I

<

1
T

t)dt — i f(t)dt
I

/ (F0) = fule)de + 2 £u(0) = fe)

< 170 - 50lizat+ [ 10) - O hsar

Thus, since the right side converges to 0 as n — 0o, we conclude that,

(L% fn(t)dt> (0) = (L/I fn(t)dt> (8) for almost all € [—7, 0]. (3.1)

Define the mapping Z : L'(I, L}) — L'(I x[—7,0], X) described by (Zf)(t,0) = f(t)(#). This
operator is an isomorphism between L'(I, L) and L'(I x [-7,0], X). Hence, Zf is integrable in

LY(I x [—r,0], X). Applying Fubini’s Theorem, we conclude that the function 6 / Z(t,0)dt
is Ll-integrable. !

We claim that (Li/f(t)dt) 0) = /(If)(t,&)dt for almost all € [—7,0]. In fact, let
{fn}nen be a sequencelof simple functioils on L'(I,LP) such that f,(t) — f(t) for almost all
t el and nh_g)lo /I | fu(t) = f(t)||z2dt = 0. This is equivalent to

hm/ /|| TF)(t,0) — (Tf)(t,0)||dtdd = 0.
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It follows from the equality (B) that

L;/I F(#)dt— /I (T)(t, )t

L#kﬂﬂ—fﬂﬂﬂﬁ+/G%D@)—%Iﬂ@wMt

I

Lt

L

< [ 170 = felonat
+/_ /I”<If"><t> 0) — (Zf)(t,0)||dtdo.

The right side of the preceding inequality converges to 0 as n — oo. Using the inequality (87)

we obtain that <L/l f(t)dt> () = /I (TF)(t,0)dt /I F(#)(6)dt, for almost all § € [—7,0]. O

The following lemma is a direct consequence of the previous result.

Lemma 3.4. Let u € L] ([-r,00), X) be exponentially bounded on R with constants L,w >
0. Then, for any A > w, the function [;° e u,dt € LP([—r,0], X) satisfies

F/ e_’\tutdt:/ e M Fuydt. (3.2)
0 0

Proof. Let A > w be fixed and Q) : [0,00) — LP([—r,0], X) defined by Qx(t) = e *u;. Since u
is exponentially bounded and u|_,,j € LP([—r,r], X), we have that

[e%) 0 0 l/p
/ 1O (1) ot = / ( / e‘”p||u(t+9)||pd0) d
0 0 —r
00 0 1/p r 0 1/p
_ / ( / e—Mp||u<t+9>||pde) dt + / ( / e‘”p||u(t+9)||pd8) dt
T -r 0 -r
0 0 1/17 r r 1/10
<L / (oA < / ewepde) dt + / = ( / Hu(e)”pde) dt < oo.
r —r 0 —r

Thus @), is integrable and the function fooo e Mudt € LP([—r,0], X) is well defined. Since
F: LP([—r,0], X) — X is bounded, by Lemma B=3 we conclude that (B2) is satisfied. O

In what follows, for each ¢ € LP([—r, 0], X) we denote:

wio={ g® 1510

Observe that ¢4 € L] ([—r,00), X). Also, if {G(t)}+>0 C B(X) is extended over —r < ¢ < 0 as

loc

the null operator, for any s > 0 and z € X we denote G,z(0) = G(s + 0)z, where —r < 6 < 0.
Note that Ggz € LP([—r, 0], X).

Definition 3.5. A strongly continuous family {G(¢)}+>0 C B(X), extended over —r <t < 0
as the null operator, is called a resolvent family with delay F' if the following equation

t
G(t+s)zr=G({t)G(s)x + / G(t — m)F(Gsz)4+(m)dm,
0
G(0) =1,
is satisfied for all s,¢ > 0 and = € X.

(3.3)
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The functional equation (B33) corresponds to a rigorous representation of (I=3) in functional
analytical terms. See also [I3, eq. (2.15)]. In the case F' = 0 the equation (B33) coincides, and
will play the same role, with the well-known Cauchy functional equation

T(t+5) = T(OT(s), ts>0,

associated to the abstract Cauchy problem of first order.
Concerning properties, our first result is the following.

Proposition 3.6. Suppose that {G(t)}i>0 is a resolvent family with delay F'. Then, {G(t) }+>0
18 an exponentially bounded family.

Proof. Let t > 1, x € X and set s =t — 1. Using the Holder inequality, the functional equation
(B33) and the fact that My = sup ||G(¢)|| < oo, we obtain
0<t<1

1G(t)z| < I\G(l)\H!G(S)H\Ix|l+/O 1G(1 = m)[[[§(Gsz)1(m)||dm
1 1/p
< GG ]l + Mo (/0 IIS(Gsx)T(m)II”dm) (3.4)

1 1/p
< |GG )|l + Mol F| </0 ||(Gsx)rmH’Zp([_r,omdm) :

Furthermore, it follows from the fact that {G(t)}:>¢ is extended over —r <t < 0 as the null
operator, that

[ 1Glaotm= [ [ 1Gatstm + o) pasim

/ / |(Gsx)+(0)]|PdOdm
—r+m

< [ [ wear@pawm= [ 1caore G
0 S
IG (s + 8)z|[Pdo = / |G (0| d6
-r —r+s
< rllz||P sup [|G(O)].
0<0<s
Thus, combining the inequalities (84) and (B3), we obtain for all £ > 1 :

IG@®z] < IGMIIGE =Dl + Mol Fllr Pzl sup [|GO)]
0<6<t—-1
< (IG)[| + Mo F||r*?) sup @izl
0<6<t—

Since the last inequality is valid for all x € X, we conclude

1G] < Co(Mo + S GO, t>2,

where Cy = ||G(1)|| + My||F||r*/P. Thus, for all ¢ > 2 :
sup [|G(0)|] < Co(Mo + sup [|G(O)]])- (3:6)
1<0<t 1<0<t-1
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Let f: (1,00) — R, be defined by f(t) = sup ||G(0)||, for ¢ > 1 the integer n; such that
1<6<t

1<t—mn, <2and M; = sup f(t). It follows from the inequality (88) that for ¢ > 2
1<t<2

F(t) < Mo(Co+ C2 4 ... + CJ f(t — ny))

1 1Y’ 1\™
< My(1+ M — —
< Mo(1 + 1)<<CO+CO)+(CO+CO) + +(CO+CO> )

1\™
S M0(1+M1> (Co+ ) Ty
Co

1 t—1 . L
= At (00 i E) (= 1) < Mo(1+ My)e™He) e
0
S Mewt

where M = My(1+ Ml)e_ln(co+co and w = In(Cy+ = ) + 1. Thus, f is exponentially bounded
n (2,00), which implies that the family {G(t)};>0 is exponentlally bounded. O

Given ) € C, ey denotes the function on LP([—7, 0], C) described by ey (0) = e*’ for 6 € [—r,0].
Observe that for each x € X, exx € LP([—r,0], X ). Furthermore, By denotes the linear bounded
operator described by Byz = F(eyz). Let A be a closed linear operator. The set p(A, F) is
defined as the set of all values A € C for which the operator A\I — A — B, : D(A) — X has a
bounded inverse, denoted by R(\, A, F'), on the Banach space X.

The following theorem show that the resolvent families with delay F' are exactly those strongly
continuous operator-valued functions whose Laplace transforms are resolvents.

Theorem 3.7. Assume that {G(t)}+>0 be a resolvent family with delay F'. Then, G is Laplace
transformable and there exists a linear operator A : D(A) C X — X such that A € p(A, F) and

R\ A, F)z =G\)x
forallx € X, A > w := abs(G).

Proof. By Proposition B the family {G(¢)}+>¢ is exponentially bounded with constants M, w >
0, ie. [|G(t)|| < Me“t for all t € R,. Observe that, for each ¢t,s € Ry and z € X

G+ S (Gsz)y) D) < HFH/ Gt =m) (G s2)y,, | o0, x)dm0

1/p
tm></ (G m+0)||pd«9> dm

21 (0)a0) s

ot 1/
/ fm)(/ (G )4( |pd9> pdm
-/

1/p
tm(/ |(Gsz)(6 \pde) dm
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t s 1/p
_ / gett=m) < / ||G(8)x\|pd0> dm
—r+s
1/p
< M/ lt=m) (/ “’9”||x|\pd0) dm
ewsP _ 1 ewt -1
w w

N

/ / e MGt + s)wdtds = GNe = f\?(,u)x
pw—

Let A\, u > w and x € X. We infer from (87) and Lemmas B4 and B33

Also, for A\, > w

// NG F(Gor)y) dtds—/ 6“8(/ (G*{?(G:c))()dt)ds

= [T erem ([T rsemnn) @
/O " ey { /0 N e"\t(Gsx)Ttdt} ds

= ()‘)F/ / e Me M (G, dtds.
o Jo
Observe that for almost all § € [—r, 0]

(/0‘” /ome_use_kt( dtds) /0 i / L NG s 1t 4 B)adtds

/0 9 (/ e “SG(s+t+0)xds) dt

/0 9 ( / N “<”9>G(s)a:ds> dt

/ (=Xt et ( / h e_“SG(s)xds) dt
= o () G

- (5= oo

Thus, combining (B88) with (B9), we conclude that

// N (G F(Goz)p) ()dtds = G (B“ ) 1)

Applying the double Laplace transform to the equation (B23) we obtain,

Gz — Gz, A — B\ -
2R Gyoe + G0y (22 ) G

which is equivalent to
Gz = Glu)r = (1 — NENG () + GO (By — B)G()a.

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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Let x € ker G()\) be given. Since G(0)z = z and G(A\)z = 0 for all A > w we have that z = 0,

and thus ker G(\) = {0} and G(\) : X — Im(G(\)) is invertible. Let A,y > w be fixed. We
define the mapping

A:Im(G(\) = X
r — Az = Az — Byx — GH(\)z.
Since (BI) is satisfied, we obtain that Im(G(\)) = Im(G(x)) and for 2 € Im(G(\)) the identity
Az — Byr — G Nz = px — B,x — Gz,

holds. Thus, the operator A does not depend of tlpe selection of A > w. Hence AA is well defined.
Is not difficult to see, by the definition of A that G(\) = (A—A— B,)~!. Since G(\) is bounded
we conclude that A € p(A, F) for all A\ > w, proving the theorem. O

(3.12)

We say that the operator A defined by (BI2) is the generator of the resolvent family with
delay F'. Before to state the main theorem of this section, we need the following lemma.

Lemma 3.8. Suppose that {G(t)}i>0 C B(X) is a strongly continuous family, extended as the
null operator as —r < ¢ <0, and h € L}, .([-r,00), X). Then,

S(G * h)(t) = (G * h)(1),
for all ¢ > 0.

Proof. Let t > 0 be given and @ : [0,t] — LP([—r,0], X) defined by Q(s) = Gy_sh(s). Observe

that
t p
1 s < / ( / GG — s+ 0) <>||pde) s
0
p
< s [GW] / (/ h(s) |pd0) s
—r<w<t

< sup ||G(w Hrl/p/ |h(s)]|ds < 0.

—r<w<t

Thus @ is integrable. Then by Lemma B=3 we have

F/o Q(s)ds:/ FQ(s)ds:/ FGi_sh(s)ds = (FG * h)(t). (3.13)

0 0
Now, for almost all # € [—r, 0], and because G(t) is the null operator for t € [—r,0), we obtain

t t t+6
/ Q(s)ds(0) = / G(t—s+0)h(s)ds = / G(t—s+0)h(s)ds = (G * h)(0).
0 0 0
Thus, by (BI3) we obtain that
S(G*xh)(t) = (TG * h)(t),
for all t > 0. Hence the proof is complete. [l

The following is the main result of this section and one of the main results of this paper.

Theorem 3.9. Let A be a closed operator. Suppose that the problem (L) associated to A
is mildly well-posed. Then, the family {G(t)}i>0 of operators from X into itself, defined by

G(t)z = ue(t), ® = (x,0) € X, and extended as the null operator for —r < t < 0, is a resolvent
family with delay F generated by the operator A.
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Proof. Is not difficult to see, by the uniqueness, that {G(t)};>0 is well defined and is also a
strongly continuous family of linear operators. Further, let ¢ > 0 and {x,},eny € X be such

that 2, — 0. Then ®, = (,,,0) — (0,0) on X and we have that G(t)z, = u(t, ®,) — 0 as
n — oo. Therefore, G(t) is a bounded linear operator on X. Also

Gt)x=z+ A1l xG)(t)x + (1 xFG)(t)x, (3.14)

forallt >0and z € X. B
Let s > 0, z € X be given. Consider G : [—r,00) — B(X) defined by

=~ | G(s+1t)x, t>0;
7o, —r<t<0

and v : [—r,00) — X defined by v(t) = G(t)x — (G * §(Gsx)+)(t). We observe that v(t) = 0 for
all =r <t < 0and (1xv)(t) € D(A) for all t > 0, since (1xG)(t)xr € D(A) forallt >0z € X,
A is closed operator and the equation (BI4) is satisfied. From equation (B14) we have

A(lxv)(t) = A(1 é)(t)x —A((1 % G) * F(Gszx)1) ()

= A(1* G)(t)x — (G * F(Gsx)1)(t) + (1% F(Gsx)1)(2) (3.15)
+ (1% FG) * F(Gs2)1)(t).

On the one hand, for ¢ > 0, using Lemma BZ3 we obtain that
. t t+s t+s s
A(lxG)(t)r = A/ G(s+r)xdr = A/ G(r)xdr = A/ G(r)xdr — A/ G(r)zdr
s 0
’ t+s ’ s
:G(t—i-s)x—x—/ FGrasdr—G(s)x—i-:B—i-/ FGxdr
’ t+s . ’ t+s
=G(t+s)r —G(s)x — / FG,xdr = G(t)x — G(s)x — / FGzdr

- t+s
=G(t)xr —G(s)z — F G,adr,

S

and for almost all 0 € [—r, 0]
t+s t+s t
(/ erdr) (0) = / G(r+0)xdr = / G(s+r+0)xdr
s s 0
t —0
:/ G(s+r+9)xdr—l—/ G(s+r+0)xdr
0

_ /0 G+ 0)adr + /0 (Gl + 0)dr
= ( /O t érxdr) (6) + ( /0 t (Gsx)Trdr> (6).

A% Gr)(t) = Git)x — G(s)z — (1% FG) (D) — (1 % F(Gox)1) (t)z. (3.16)
On the other hand, using Lemma B8, we have that

((1#FG) * F(Gax))(t) = (1xF(G * F(Gax)1)))(E). (3.17)

Thus,
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It follows from the equations (BI3), (B18) and (BT4) that

A(Lx0)(t) = G(t)z — (G * F(Go)) () — Gls)z — (L FA) (B + (L* F(C * F(Goa)p)(t)
=o(t) — G(s)x — (1 Fv)(¢).
Hence, we have obtained that v is a mild solution of the problem (T associated to (G(s)x,0) €

X. By the uniqueness we obtain
v(t) = G(t)G(s)x, t>0.

Since, s > 0 and x € X was arbitrarily selected, we conclude
t
G(t+ s)x — / G(t —m)F(Gsz)r(m)dm = G(t)G(s)z,
0

for all t,s > 0, x € X. Hence {G(t)}+>0 is a resolvent family with delay F. In particular G is
Laplace transformable by Proposition B8.

Now we will show that A is the generator of {G(t)}1>0. Let Ay be the generator operator of
G defined in (BT2). By the closedness of the operator A we obtain that G(\)z € D(A) for all
A > w:=abs(@) and z € X. Thus, if z € D(Ay) then we have = G(A\)(A— Ay — By)z € D(A)
which implies D(Ag) € D(A). On the other hand, applying the Laplace transform to (B14) we
obtain

~

r=(AN—A—-B\)GMNz=(A—A—-B)\)R(\ Ay, F)x.
If (\— A — B,) is an injective operator for all A > w, then we can conclude that
R(\, Ao, F)x = R(\ A, F)z,

for all z € X. Consequently D(A) C D(Ap) and A = A,.
In order to show that (A — A — B,) is injective, let A > w and = € ker(A — A — B)) be fixed.
On the one hand, let v : [—r,00) — X be defined by v(t) = e*xz. We note, for ¢ > 0, that

2+ AL« v(t) + (1+Fv)(t) =2 + A (G—M:p - f) + B, <67/\tx - §) = Mg = u(t).

Thus v is a mild solution of the problem (I) associated to (x,¢) € X, where () = ez,
¢ € [—r,0]. On the other hand, since (1 G)(t)z € D(A) is satisfied for all z € X and ¢t > 0 we
conclude, by the closedness of A, that (1% (G * §¢4))(t)x € D(A). We infer from (BId) and
Lemma B8 that
(G +36n) () = (1% 3or) () + A(L * G x §oy)(B)e + (1+ 3G + 3or) ()
= (1*xFor)(t)r + A(l %« G« For) () + (1« F(G *Fbr))(t)x
= A1 *GxFor) )z + (1 xF(G *Fpr + 1)) ().

Thus, since ¢4(t) = 0 for all ¢ > 0, we have

(G *Tpr + ¢1) () = A(1 % (G * Fpr + 1)) (B)x + (1 x F(G * TPy + 1)) (),

for all z € X, ¢t > 0. Hence, G * §¢ + ¢+ is a mild solution of the problem (I associated to
(¢+,0) € X. Consequently, v—G * o1 — ¢+ is a mild solution of the problem (IT) associated to
(0,z) € X and by the uniqueness we have v(t) = G(t)z + G * Fp1(t) + ¢4 (t) for all t € [—r, 00).
Since G(\)z exists for all A > w we conclude that 6(\) so is. The only way this will happen is
that = 0. Therefore, (A — A — B,) is an injective operator. Hence the proof is complete. [
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4. A CHARACTERIZATION

In this section we characterize the mildly well-posedness of problem (I) in terms of a
resolvent family {G(t) };>¢ generated by a closed linear operator A. To make this possible, will
be useful to consider the following strongly continuous family of operators {1(¢)}¢>_, defined

by
x, t>0;
]W)"’“":{o, r<t<0

It follows from Lemma B3 that ﬁ(z\)x = Bz forall A >0, z € X.

Proposition 4.1. Suppose that {G(t) }+>0 € B(X) is a resolvent family with delay F generated
by the operator A. Then, the following assertions holds:
(i) (1xG)(t)xr € D(A) forallxz € X, t> 0.
(171) Gt)x =2+ AL *xG)(t)z + (1 *xFG)(t)x for allz € X, t > 0.
(i1) G(t)x =z 4+ (G * A)(t)x + (G« F1)(t)z for all x € D(A), t > 0.
)

(1v) The operator A is closed with dense domain on X .

Proof. Let x € X and A > abs(G) be given. Since G(\)z = R(\, A, F)z by Theorem B71, we
obtain that G(\)z € D(A) and

A Gé(xﬁ) — Gz — %x - %BAG(A)x.

Then it follows from [2, Proposition 1.7.6] that (1 G)(t)x € D(A) and
Glt)x =2+ A(l*xG)(t)xr + (1 *FG)(t)x,
for all t > 0, x € X, showing the items (i) and (i7). Since
G\ (A — A — By)z, (4.1)
holds for all z € D(A), we obtain, by the inversion of Laplace transform, that
r=Gtxr - (G*xA)(t)r — (G=*F1)(t)z,
for all ¢ > 0 and « € D(A). Hence (iii) is satisfied. Let {z,} C D(A) be a sequence such that
x, — x and Az, — y as n — oo. It follows from (B) that
=G\ (\x —y — Byx).
Thus x € D(A) and y = Az — Byz — G(\) "'z = Az, by the definition of A in (B312). Hence A
is closed. Finally observe that

1>x<G
|2 ol <2 16, — ol dn < sup 16l - ol

welo,s]

Then, taking into account the strong continuity at t = 0, we obtain
1xG
lim 2¥@ET (4.2)

s—0+ S

Since it was proved that (1 G)(t)x € D(A) for all t > 0, defining
(1xG)(2)

Ty, =—7—-x, neN,

n

it follows from (E22) that x, € D(A) and lim z, = x, proving the density of D(A). O

n—oo



14 CARLOS LIZAMA AND FELIPE POBLETE

Remark 4.2. We notice that, when F' = 0, A is the generator of a Cp-semigroup see ([B,
Definition 1.2]) and the denseness of D(A) is always present under the conditions of the above
theorem, which is a well known result in the theory of Cj-semigroups.

The next result allows to represent the generator of a resolvent family with delay F' directly
in terms of {G(t) }+>¢ without the help of the Laplace transform.

Proposition 4.3. Suppose that {G(t)}+>0 C B(X) is a resolvent family with delay F' generated
by the operator A. Then A = B where

D(B) := {:c € X : lim w e:cz'sts}

t—0t+

and
By - liy CHT—2
t—0+

Proof. Consider the linear operator B defined in (E=3). We observe, for 0 < ¢ < r, that

.,z € D(B). (4.3)

1 1 /[t
G300l < / IG(t = IIFN L o1y 55

1 [t 0 1/p
sop [GEIIFLG [ ([ 11+ oalras) as
0<s<t —r

= s [GOIIEI [ ([ e upde)l/pds (1.4)

—r+s

— sup lG)IIF)L / ( / Hxnpcw) s
0<s<t

sup |G (s)I[[|F[[l]¢77.
0<s<t

IN

IN

Let x € D(A) be given. It follows from (iii) of Proposition B that

Git)—z (Gx1)(t)Ax  (G*F1)(t)x
t t - t
By (B2) and (£4), the right side of the above equation converges to Az as t — 07. Hence
xr € D(B) and Br = Ax.
On the other hand, we observe, for 0 < t < r, that

. t>0.

1 1 [t
;H(l*SG)(wa < ;/0 I ENG szl Lo(—r0,x)ds

1 t 0 1/p
1715 [ ([ 6t opelpan) s
0 —r

= s [GOIIEIL [ ([ 1c@ran) R

—r+s

1 [t s 1/p
= s 16EIIFL [ ([ 16@aa) as
0<s<t 0 0

< sup [|G(s) [ F Il ]t".
0<s<t
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Let = € D(B) be given. It follows from items (i), (i) and (iii) of Proposition B0 that x; :=
1AW 1 e D(A) and

t

A, — A(l x G)(t)x _ G)r—z (L= SG)(t)a:’
t t t
for all ¢ > 0. By (E35) the right side of the last equation converges to Bx and x; converges to
as t — 0. By the closedness of operator A we can conclude that € D(A) and Ax = Bx. This

finishes de proof. O

Our next Theorem, which is one of the main results in this section, gives sufficient conditions
for the mildly well-posedness of the problem (IT) in terms of the functional equation (B33).

Theorem 4.4. Assume that {G(t)}i>0 C B(X) is a resolvent family with delay F' generated by
A. Then the problem () is mildly well-posed.

Proof. (Existence) Let (z,¢) € X be given and define v(t) = G(t)z + (G * Fby)(t) + ¢+ (1),
t > —r. Since G is a strongly continuous family and ¢4(t) = 0 for all £ > 0, we have that v is
continuous on [0,00). Let ¢t > 0 be fixed. It follows from (i) and (iv) of Proposition B-T that
(1xG)(t) € D(A) and A is a closed operator. Thus, we obtain ((1 * G) * Fo1)(t) € D(A).
Further (1 xv)(t) = (1 G)(t)z + ((1 * G) * F¢P4)(¢t) which implies (1 % v)(¢t) € D(A). On the
one hand, it follows from item (ii) of Proposition B0l and Lemma B= that

A+ v)(t) = A(1 % G)(t)z + A((1 * G) * 1) (t)
=G(t)r — 2 = (LxFG) ()7 + (G +FPp)(t) — (1+FPp)(t) — (1% FG) * Tor) (1)

o(t) = — (L F)(1) — (15 FG) ()2 — (1% FG) * F61)(1
—u(t) — x — (L §r)(t) — (L* FE)(E) — (1% (3G + Fo) ()
—o(t) — x — (L F)(t) — (L* FE)(L) — (1 F(G * Fo)(1).

On the other hand, we have
(150)(t) = (1% FE) )z + (1 F(G +For) (1) + (1 5o1)(1).
Taking into account the above two identities, we conclude that
A(lxv)(t) =v(t) —x — (1 *Fv)(t).

It proves that v is a mild solution of problem (IT) associated to (z,¢) € X.

(Uniqueness) Suppose that ui, us are two mild solutions of the problem () associated to
the initial condition ® = (z,¢) € X. Then, v : [—7,00) — X defined by v(t) = (u1 — ug)(t)
is a mild solution of the problem (IT) associated to (0,0) € X. It follows from item (iii) of
Proposition B0 that

r=Gt)zr - (G*xA)t)r — (G F1)(t)z,
for allt > 0 and x € D(A). The last equality and the fact (1xv)(t) € D(A) for all ¢ > 0, allows
us to conclude

(L (Lxv))(t) = (G*(Lxv))(t) — (GxA)* (Lxv))(t) — (G*F1L) * (1 xv))(?)
=(Gx(1%v)(t) — (G (1xA(1x0)))(t) — (G* (1% (FL xv)))(¢).

)
Note that 1 * v = 1 % Fv. Indeed, let t > 0 be given, then f*: [0,t] — LP([—r,0], X) defined
by fi(s) = 1, sv(s) is integrable. By Lemma B3

P /0 (s)ds = /0 i (s)ds = /0 Pl (s)ds = (31 0) (1), (@)

(4.6)
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and for almost all § € [—r, 0] we have

( / t ft(S)ds) 0= (40— s)u(s)ds = / ;9 1(t = $)o(s + 6)ds

t —0
= / 1(t — s)v(s + 0)ds — / L(t — s)v(s +0)ds )
0 0 4.8

+ /t_0 1(t — s)v(s + 0)ds

:/Otv(s—i—e)ds:/otvs(ﬁ)ds.

Then, using Lemma B3 and the equations (E=1), (E=8) we can conclude that, for each t > 0
(1 Fv)(t) = (F1 +v)(1).

Thus, combining the above equality with (E8) and the fact that v is a mild solution associated
0 (0,0) € X we obtain

(Ix(1*v)(t) = (Gx(Ixv—1%xA(lxv)—1x(1xFv)))(t)
= (G (Ix(v—A(lxv) = (1x3F0))))(t) = 0,

for all ¢ > 0. Thus, by Titchmarsh’s theorem, we conclude that v(t) = 0 for all ¢ > 0, proving
the uniqueness.

(Continuity) Suppose that ®,, = (z,, ¢,) € X is such that @, — 0. Let ¢t > 0 and p > 1 be
given. By the Holder inequality and the uniform boundedness principle we have

[u(t, ©n)l| < (|G ()@l + [[(G * Fony) (D)

<t + [ 1)’ ([ o)
< NG ()| + (tssel[loli} ||G(5)||Q>" (tHFHp /t ‘|¢nT(5)\|pds>;

— GOl + I sup [G(s)] (/ [60s(s ||pds)

s€[0,t]

Using that &, — 0 as n — oo we conclude that the right hand side of the above equation
converges to zero uniformly for ¢ in compact intervals. The case for p = 1 is proven similarly.
Hence, the problem () is mildly well-posed.

O

As a directly consequence of the proof of the preceding theorem we obtain the following kind
of variation of constants formula.

Proposition 4.5. Suppose that {G(t)}+>0 C B(X) is a resolvent family with delay F' generated
by A. Then, for all ¢ € LP([—r,0],X) the function v : [—r,00) — X defined by

v(t) = G(t)z + (G + Fpr)(t) + ¢4(t),
is the unique mild solution of problem (X)) associated to (x, ) € X.

Now, we are ready to state the main result of this paper.
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Theorem 4.6. Suppose that A : D(A) C X — X a closed linear operator. Then the problem
(W) 4s midly well-posed if and only if A is the generator of a resolvent family with delay F'.

Proof. The result is implied by Theorems B4 and B9. O

Remark 4.7. With similar arguments, the previous result can be extended to include equations
of the form:
¢ ¢ t m
u(t) = o + A/ u(s)ds + / Fuyds +/ Z Cix(t —r;)ds, t>0;
0 0 —
u(t) = o(t), —r<t<0

where C; € B(X) and 0 < r; < r.

5. APPLICATIONS AND EXAMPLES

In this section we search for practical criteria in order to verify that a strongly continuous
family of bounded and linear operators satisfy the functional equation (B33). For this, we
consider the case where the operator A generates a Cy-semigroup T'(t) = e and the delay

operator F': LP([—r,0], X) — X is described by

Fo = /_O H(0)o(6)do, (5.1)

where H is an B(X)-valued g-integrable function on [—r, 0] with % + % = 1. In particular, we
will show that in such case the operator A is the generator of a resolvent family with delay F'.
We complete this section exhibiting two explicit examples of resolvent families with delay F'.
Note that since e is a Cy-semigroup, there exist constants L > 1 and w € R such that
ledt]| < Le“t, t > 0.
It is clear that F': LP([—r,0], X) — X is bounded. Also, for T'> 0 and u € L] ([-r,T], X),
using Holder inequality and Fubini’s theorem we obtain

T T 0
[ irutea < iz, [ [ e+ orao)
0 OT tr
g, [ ([ porao) a
0 —r+t
T T
<ty [ ([ 1uoipa) a
0 -r

T

<NHIET [ fu@)a.

—-T

(5.2)

In what follows we consider the operator F' defined in (Bl). We begin with the following
result on the existence and uniqueness of solutions.

Proposition 5.1. The integral problem,
t
u(t) = etx —i—/ A Pugds, e X, ult)=0, te[-r0), (5.3)
0

admits a unique solution u € C([0,00), X) exponentially bounded.
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Proof. We define the operator K : L*([0,T], X) — C([0,T], X) by Ku(t) = eAtx+fJ eAt=9) Fuds.
Here u is extended to ¢t € [—r,0) by u(t) = 0. It is easy to see that K maps LP(]0, 7], X) into
itself. Also, using the bound (52) and Jensen inequality we obtain

/OT [(Kw)(t) — (Ku)(t)|]P dt = /OT /Ote(t‘s)AF(us — v)ds

T t
< / sup [l |1 / 1 (s — v,)||Pdsdt
0 0

0<s<T

p

dt

. (5.4)
< Lep“’THHHiq/O t”/o 1(u(s) —v(s))l|Pdsdt

< (et [ vat) [ uto) - otspivas

Let T > 0 be fixed such that Le*T||H |14 ( IS t”dt)g < 1. We infer from (53) that K is a

contraction and therefore there exists a unique solution v € L?([0,7], X) of (B33). In particular
u e C([0,T], X).

To continuously extend the function u to the interval [T, 277 satisfying (523), we consider the
operator Ky : LP([T, 2T, X) — LP([T, 2T, X) defined by Kou(t) = et Du(T-)+ [ A=) Fuds,
where u(T7) = tl—igll“l— u(t). Similarly as in (B4) we obtain that K5 is a contraction with constant

1
Le“" || H|| Lo ( fOT tpdt) ". Hence, the function u can be continuously extended to the interval
[T,2T]. Now we observe that, for t € (7,27

t
u(t) = ATy (T7) + / =9 Payyds
T

T t
— (Al=T) (eAT$+/ eA(T_S)Fusds> +/ eA(t—s)FuSds
0

T

t
= ety + / e Fugds,
0

showing that (B33) is satisfied. Inductively, we can continuously extend the function u defined
on [nT,(n+ 1)T], n € N to the interval [(n + 1)T, (n + 2)T] satistying (633). Is not difficult to
see that such solution u is unique.

Now we will show that u is exponentially bounded. By (B23) we have that

t 0
lu@)] < ]l + / =0 / VH@)[[u(s + 0)]1dods

0 t
<ol + ([ 1H@Na0) [ supfutryjas
—r 0 —r+s<7<s

t
< ] + M, / % gup [lu(r) | ds.
0

0<7<s

where M, = ffr |H(6)]|df, which immediately implies

t
e sup ||u(r)]| < [lz]l + M, / e sup [Ju(r)|ds.
0<7<t 0

0<7<s
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t,

We now apply Gronwall’s inequality to obtain e ™™ supg<,.<, [|u(7)|| < [lz[|e"* which implies

lu(®)] < sup [Ju(r)]] < e"HHa]]. (5.5)
0<7<t

O

In view of the above, we can define the family {G(t)}+>0 by G(t)z = wu,(t) where u, is the
unique continuous solution of (B23). We note that {G(t)}+>0 is a strongly continuous family
of bounded linear operators and, by (b3), the family is exponentially bounded. The family
{G(t) }+>0 is defined by the null operator for all ¢ € [—r,0) and satisfies that

t
G(t)r = o + / VARG ads, t>0, z € X. (5.6)
0

The next result show that {G(t)}:>o satisfies the functional equation (B=3).
Theorem 5.2. The family {G(t) }1>0, defined above, is a resolvent family with delay F.

Proof. Let v € X and A\ > w + M, be fixed. Applying the Laplace transform in both sides of
the equation (B8) we have
Gz =\N—A) e+ (A=A 'B,G\ )z,
which is equivalent to
A=A —(\=A)"'B)GE\)z = .
We observe that

[Baz|l M|l
RN —w ™ RN\ —w’
thus [[(A — A)7!By|| < 1 for all R(\) > w + M,. With this, for R(\) > w + M, we conclude
that the operator (A — A)(I — (A — A)"'B,) = (A — A — B,) has bounded inverse and

G(\)z = R\, A, F)z.
Since G(u)x € D(A), for all z € X, we have
G(Nz = Gz = G\ (n — A = B,)G(u)e = G)(A = A= By)G(p)z
= (11— NG G(p)z + G\ (By — B,)G(p)z,

I(A = A) ™" Bya|| <

which is equivalent to

G\ — G(u)
= A

L= GG + G0 (25 ) G

In view of the equation (B0), and by the uniqueness of the inversion of the double Laplace

transform, we obtain that the functional equation (B3) is satisfied and thus {G(t)}>0 is a
resolvent family with delay F'. U

The following result provides a remarkable sufficient condition.

Theorem 5.3. If A is the generator of a Cy-semigroup defined on a Banach space X and F' is
defined as in (1), then the problem

u'(t) = Au(t) + Fuy, t>0;

u(0) = x; ,

u(t) = o(t), —r<t<0

18 maldly well-posed.
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Proof. By Theorem B and Proposition B=3 the problem
u'(t) = Bu(t) + Fuy, t > 0;
u(0) = z;
u(t) = o(t), —r<t<O0

9

is mildly well-posed, where

D(B) = {:v € X: lim % exists}

t—0+
and
Bx:ngggﬁﬁiﬁ, z € D(B).
It follows from (B8) that tlirgi etAf_x exists if and only if tlir(g % exists. Thus D(B) = D(A)
and Az = Bz for all € D(A). This proves the theorem. O

Ezxample 5.4. We set X = R and let a € R be given. For ¢ € LP(|[—1,0],R) and 27 € R we
consider the scalar problem
u(t) =au(t) +ult—1), t>0;
u(0) = z; : (5.7)
u(t) = o(t), —-1<t<0
We observe that the mild solution of the above problem, for the initial function ¢(¢) = 0, is
represented by the integral equation

t
e + / et=99GQ (s — 1)ads, t > 0;
0

G(t).ﬁﬂ = )
0, —1<t<0
whose solution is the continuous function
2 (t —k)*
G(t)x = Z %e(t_k)a]l[km) )z, zeX.
k=0 ’

It is not difficult to see that ||G(¢)| < et@*V) for all ¢ > 0 and identifying Fu,, as in Remark
A0, by Fu; = u(t — 1) for all t > 0, we can conclude the following two assertions: The first is

that GA) = (A —a—e )" = (A=A — By)~! for all A > a + 1, which implies that

GNz — Gz~ -~ . By — B,\ -
The second is that
Bz := lim w =azx, forallz € D(B)=R.
t—0

In view of the equation (B10), and by the inversion of the double Laplace transform, we obtain
that the functional equation (B33) is satisfied and thus {G(t)};>¢ is a resolvent family with delay
F. Also by Proposition B=3 we obtain that B is the corresponding generator.

It follows from Theorem B2 that under the above described conditions the problem (572)
is mildly well-posed and it follows from Proposition B3 that the solution of (577) is given by
u(t) = G(t)r + (G *FPr)(t), t > 0.
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Example 5.5. We consider the one dimensional diffusion equation with finite delay

0 0?

Eu(t,x) = @u(t,x) +u(t —1,x2), t>0, xe€l0,7);

u(t,0) = u(t,m) =0, t>0; , (5.8)
u(0, ) = up(x), r € [0, 7];

u(t,x) = ¢(t, x), ~1<t<0, z€[0,n]

where, ug € L*([0, 7], R) and ¢ € LP([—1,0], L*([0, ], R)). To study this system in an abstract
setting as (IT), we choose the space X = L?([0,7],R), z = ug(-) € X, ¢(t) = ¢(t,-) for all
—r <t < 0 and the operator A: D(A) C X — X given by Az = 2" with domain

DA)={zxe X:2" € X, 2(0) = z(r) = 0}.

It is well known that A is the generator of an analytic semigroup {7'(t)}:>o on X.
Similarly to Example b4 the family {G(t)}:>0 defined on X by

N t—k)*
G(t)e =) T(t— k:)( - ) Tjgoo) (1), for all £ >0,

k=0

is a continuous solution of the integral equation

t
ez + / e=9)eG (s — 1)ads, t > 0;
0
0, -1<t<0

G(t)zo = : (5.9)

Let L,w > 0 be constants such that ||T°(¢)|] < Le™ for all ¢ > 0. We observe that ||G(¢)|| <
Let@t)  If x € X and A > w + 1. Then, applying the Laplace transform in both sides of
equation (59) and noting that Byz = e *x for all # € X, we obtain

Gz =MN—A) "z + (A=A BG\ )z,

which is equivalent to
A=A - (A= A)'B)GN)z = z.
We observe that
| Baz]] ]l
RN —w = R\ —w’
thus [[(A — A)7'B,|| < 1 for all ®(\) > w + 1. With this, for R(\) > w + 1 we conclude that
the operator (A — A)(I — (A — A)"'B,) = (A — A — B,) has bounded inverse and

I(A = A) Byz|| <

G(\)z = R(\ A, F)z.
Since G(p)z € D(A), for all z € X, we have

A

G(Nz = G(w)r = GN)(p — A= B,)G(n)z — GN)(A = A = By)G(p)x
= (1 = NGNG(w)z + GA)(By — B,)G(p),
which is equivalent

B\ — B,
= A

= GG+ G0 ( )
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In view of the equation (8I0), and again by the inversion of the double Laplace transform, we
obtain that the functional equation (B33) is satisfied and thus {G(t)};>0 is a resolvent family
with delay F'. Furthermore, we observe that

_ T _
Brom tim W= TOTZT v all w € D(B) = D(A).

t—0+ t t—0t t

Thus, A is the generator of the resolvent family {G(¢)}:>o with delay F.

It follows from Theorem B and Proposition B23 that the problem (63) is mildly well-posed
and that the solution of (A1) is given by wu(t) = G(t)x + (G * Fo4)(t), where x = uy and
o(t) = o(t,-) for all —r <t < 0.
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